Operationally accessible entanglement in bipartite systems of indistinguishable particles could be reduced due to restrictions on the allowed local operations as a result of particle number conservation. In order to quantify such effects, Wiseman and Vaccaro [Phys. Rev. Lett. 91, 097902 (2003)] introduced an operational measure of the von Neumann entanglement entropy. Motivated by advances in measuring Rényi entropies in quantum many-body systems subject to conservation laws, we introduce a generalization of the operational entanglement that is computationally and experimentally accessible. Using the Widom theorem, we investigate its scaling with the size of a spatial subregion for free fermions and find a logarithmically violated area law scaling, similar to the spatial entanglement entropy, with at most, a double-log leading-order correction. A modification of the correlation matrix method confirms our findings in systems of up to 10 5 particles.
Entanglement encodes the amount of non-classical information shared between complementary parts of an extended quantum state. For a pure state described by density matrix ρ, it can be quantified via the Rényi entanglement entropies: S α (ρ A ) = (1 − α) −1 ln Tr ρ α A where ρ A is the reduced density matrix of subsystem A and S α is a non-increasing function of α. While evaluation of the α = 1 (von Neumann) entanglement entropy requires a complete reconstruction of ρ, [1, 2] , integer values with α > 1 can be represented as the expectation value of a local operator [3] . This has enabled entanglement measurements in a wide variety of many-body states, both via quantum Monte Carlo [4] [5] [6] [7] [8] and experimental quantum simulators employing ultra-cold atoms [9] [10] [11] [12] [13] . In these systems, conservation of total particle number may restrict the set of possible local operations, (a superselection rule) and can potentially limit the amount of entanglement that can be physically accessed [14] [15] [16] [17] [18] [19] [20] [21] . For example, while a superfluid of N bosonic 87 Rb atoms in a one-dimensional optical lattice may be highly entangled under a bipartition into spatial subregions [10] , the entanglement is generated by particle fluctuations and cannot be transferred to a quantum register without access to a global phase reference [22] . Wiseman and Vaccaro introduced an operational measure of entropy to quantify these effects [16] , but it is limited to the special case of α = 1 and thus cannot be used in tandem with current simulation and experimental studies of entanglement.
In this paper, we study how the operational entanglement can be generalized to the Rényi entropies with α = 1. For α = 1, the operational entanglement can be constructed by averaging the contributions to S 1 coming from each physical number of particles in the subsystem:
with ρ An = Π An ρ A Π An /P n being projected into the sector of n particles in A, A n , via Π An which occurs with probability P n = Tr Π An ρ A Π An . Using the knowledge that the existence of a physical conservation law can only decrease entanglement, we find that a direct extension of Eq.
(1) to α = 1 is not appropriate. Instead, we reconsider the problem in terms of the conditional probability defined by knowledge of the number of particles n in the subsystem [23] and identify a measure:
which provides a lower bound on the amount of operational entanglement entropy in a pure state and is accessible with current technologies for integer α > 1. We validate that Eq. (2) reproduces Eq. (1) as α → 1 and prove that it is a non-increasing function of Rényi index in analogy with S α . We also show that S op α cannot exceed S α and it can differ by an amount not exceeding the maximum entropy of the number fluctuation probability distribution P n . We show that S op α = 0 when all particles have condensed into a single mode, e.g. a BoseEinstein condensate, and demonstrate that in the limit of large susbystem size it agrees with the known behavior of S op 1 for free fermions in d spatial dimensions [23] -that the fixed total particle number reduces the operational entanglement only by a subleading logarithm, S op α ≈ S α − (1/2) ln S α . Such asymptotic scaling is expected generally for 1d critical systems with fixed N that can be described by a conformal field theory, where the particle number distribution is Gaussian [24, 25] .
The main contributions of this work are (1) the introduction of the correct Rényi generalization of the operational entanglement entropy; (2) an investigation of its asymptotic scaling properties for free fermions via the Widom theorem supported by exact calculations for noninteracting 1d lattice fermions; and (3) a discussion of how the operational entanglement could be measured in ultra-cold atomic lattice gases using current technology.
We begin with four conditions restricting how any information measure meant to quantify the amount of en-tanglement that can be transferred to a physical register should behave when generalized to Rényi index α = 1. (i) In the limit α → 1,
α is a non-increasing function of α; (iii) as the presence of superselection rules cannot increase the amount of accessible information [14, 20] , ∆S α ≡ S α − S op α ≥ 0; and (iv) ∆S α cannot exceed the amount of information lost to particle number fluctuations H 1 or, at least, the max entropy H 0 = ln D, where D is the support of the particle number probability distribution P n , thus, ∆S α ≤ H 0 .
Replacing S 1 (ρ An ) by S α (ρ An ) in Eq. (1) suggests an obvious candidate measure:
, which has already been studied for a system of hard core bosons at unit filling in one dimension [26] , exhibiting a signal near the superfluidinsulator quantum phase transition. Condition (i) is trivially satisfied and S op(1) α inherits the desired monotonicity property from S α (ρ An ) satisfying (ii). However, ∆S (1) α can be negative violating condition (iii) or it could exceed H 0 violating condition (iv). To see this, consider the reduced density matrix of a spatial partition of sites, obtained from a pure state of N 1 particles, where the number fluctuations are described by the exponential distribution:
. The corresponding eigenvalues of ρ A are equal for each n:
Therefore, for sufficiently large N , ∆S (1) α>1 < 0 and ∆S (1) α<1 > ln N = H 0 . We thus discard S op(1) α as unphysical and consider a second measure S
n , in analogy with the result that for pure states of fixed N , the α = 1 operational entanglement is the difference between the von Neumann and Shannon or measurement entropy H 1 [23] . Again (i) is trivially guaranteed and it follows that ∆S
can now fail to be a lower bound on S op 1 , e.g. consider a maximally entangled state where
Given that these two obvious generalizations fail to satisfy the proposed requirements, we now appeal to a general connection between the von Neumann operational entanglement and the Shannon conditional entropy [23, 27] . If we treat the spectrum of the reduced density matrix ρ A as a joint probability distribution of two random variables, one of which is the number of particles n in partition A, we see that the operational entanglement is equivalent to the conditional entropy of the probability distribution, where the condition is information of n in the subregion. Different measures of the classical conditional Rényi entropy have been introduced [28] [29] [30] [31] [32] and extending these as Rényi generalizations of the operational entanglement, we recover S op(1) α and S op(2) α , as well as three additional candidates defined in the supplementary material [33] . The conditions ∆S (k) α ≥ 0 and ∆S (k) α ≤ H 0 for k = 1, . . . , 5 can be met if the corresponding conditional entropy measure satisfies monotonicity and, necessarily, satisfies the chain rule respectively [32, 34] which eliminates two of the new candidates. The only surviving measure which satisfies conditions (i)-(iv) was introduced in Eq. (2) . It can be conveniently rewritten using the fact that for pure states of N particles, ρ A is block diagonal in n:
where
is a normalization of partial traces of ρ α A , and P n,1 = P n . We thus propose Eq. (3) as the appropriate Rényi generalization of the operational entanglement to α = 1. The more reasonable behavior of this measure is highlighted for our previous example of an exponential particle number distribution where S 
A acts in A, similarly for the complementĀ. Then, the ground state can be directly written as a Schmidt decomposition [7, 35] . The reduced density matrix ρ A obtained by tracing outĀ is thus pure for each n:
This is expected for the Bose-Einstein condensate where for N 1 with p A fixed, P n = λ n approaches a Gaussian distribution and S α = H α ≈ (1/2) ln N [35, 36] is generated from particle fluctuations between subregions.
To understand the behavior of S op α for fermionic statistics, we focus on a microscopic model of non-interacting fermions on a d-dimensional lattice where the correlation matrix method [37] [38] [39] [40] [41] is applicable. This provides an exponential simplification of the calculation of S α (ρ A ) and allows for the investigation of its asymptotic behavior. In this case, A corresponds to some collection of d lattice sites and the eigenvalues of ρ A , that correspond to having n particles in partition A, are
, where the index a runs over all possible configurations of the occupation numbers n j,a ∈ {0, 1} with n = j n j,a ∀a andν j = 1 − ν j . Here, ν j are the eigenvalues of the correlation matrix (C A ) ij = c † i c j = Tr ρ A c † i c j where i, j are restricted to the spatial partition A and c † i (c i ) creates (annihilates) a spinless fermion at lattice site i (c i c † j + c † j c i = δ ij ) [37] . This approach can be generalized to calculate the particle number projected Rényi entanglement S α (ρ An ) = S α + (1 − α) −1 ln (P n,α /P α n ) and thus S op α (ρ A ). However, as we are interested in the reduction of entanglement due to the presence of superselection rules, we focus on the difference ∆S α = S α − S op α which from Eq. (3) depends only on:
). An important first step is the observation that P n,α has the form of a Poissonbinomial distribution [42] with d different success probabilities ν j,α [43] . In order to investigate the asymptotic scaling of ∆S α with linear subsystem size we need to consider the behavior of P n,α or, alternatively, its characteristic function (Fourier transform) χ α (λ) =
which can be expressed in terms of the matrix C A as
. This form is convenient, as the α = 1 case, providing access to the scaling of P n,1 = P n , has been obtained for the d-dimensional free Fermi gas by means of the Widom theorem [23, [44] [45] [46] [47] [48] [49] [50] . Motivated by these results, we calculate the characteristic function χ α (λ) for a d-dimensional spatial subregion with dimensionless linear size in the limit 1 where is now treated as a continuous variable and find
where the constants c 1 and c 2 depend on the shape of the subregion [33] . Eq. (7) demonstrates that asymptotically, P n,α is a normal distribution with variance σ
where σ 2 is the variance of P n,1 . This result immediately leads to which, if compared to the asymptotic scaling of S α ∼ d−1 ln [48] , implies that ∆S α ≈ (1/2) ln S α . The presence of superselection rules only reduce the Rényi generalized operational entanglement of the free Fermi gas by a subleading double logarithm of for 1. To confirm the asymptotic predictions of Eq. (7)- (8) we now apply the extended correlation matrix method introduced above to a model of N free spinless lattice fermions on a ring with 2N sites (half-filling) governed by the Hamiltonian H = − i (c † i c i+1 + h.c.) [51] . The correlation matrix for the ground state Fermi sea is
. We studied systems with up to N = 10 5 fermions and partition sizes = 10 5 sites, where we calculate ∆S α and H α using P n,α which we obtain via a recursion relation for the Poisson-binomial distribution [52] :
The desired distribution is reached after recursive steps, i.e. P n,α = P n,α ( ) and Eq. (9) drastically reduces its calculation to an O( 2 ) algorithm [52] . The results in Fig. 1 demonstrate the predicted logarithmic scaling of ∆S 2 with σ 2 = 2σ 2 2 as well as the fact that asymptotically, ∆S 2 ≈ H 2 , i.e. that P n,2 appears to behave as a continuous normal distribution. For this particular case of free fermions we find that S α − S op α > H α , but this may not be generically true in interacting models. Additionally, as seen in Fig. 2 , P n is very narrow, with σ 2 < 1.4 and thus the main contribution comes from only a few points around its peak. This suggests that to truly reach the asymptotic regime, we need to further increase σ 2 by several orders of magnitudes beyond our current numerical capability.
As an alternative, we generalize the known asymptotic behavior of ν j [53] [54] [55] to ν j,α as
where the constant γ ≈ 0.6 and calculate the characteristic function χ α (λ) of P n,α . We find that P n,α , asymptotically, is a normal distribution with variance σ 2 α = ln /(απ 2 ) for any α > 0 [33] extending the results of the Widom Theorem for d = 1, by relaxing the restriction that α be an integer. This can be further validated using Eq. (10) with ln ≈ 3000 as shown in Fig. 3 .
Thus for free fermions, superselection rules fixing the total number of particles only marginally reduce the operational entanglement that can be transferred from a many-body state to a quantum register. This is also true for interacting 1d fermions in the Luttinger liquid regime [23, 56] . The free fermion result is robust even when extending to non-contiguous subregions, e.g. a partition of size = N corresponding to even (odd) sites where the correlation matrix is diagonal and ν j,α = ν j = 1/2. Here, S α = ln 2 and P n,α = P n , ∀α are described by a simple Binomial distribution (normal distribution, asymptotically) with equal success probabilities ν = 1/2. Thus, σ 2 = /4 and ∆S α ∼ ln σ 2 yielding ∆S α ∼ ln S α . This picture can be drastically altered by strong interactions [57] or in bosonic systems [26] , where the contribution of particle fluctuations to entanglement are large and the operational entanglement is suppressed to zero. 
FIG. 3. Collapse of the rescaled probability distribution
Aα(Pn,α) 1/α to Pn for different values of α, where Aα is a normalization factor. The solid line shows a normal distribution with the average n and variance σ 2 of Pn. The data is calculated using the correlation matrix method with the asymptotic eigenvalues νj (Eq. (10)) using ln( ) = 3000. We find perfect collapse for both integer (supported by the Widom Theorem) and non-integer values of α.
In summary, by exploiting a relation between the operational entanglement and classical conditional entropy, we propose a measure S op α in Eq. (2) which generalizes the operational entanglement to the more readily measurable Rényi entropies S α . This definition preserves the limit α → 1, provides a lower bound on S op 1 for α > 1, and is smaller than S α while not exceeding the information lost to particle fluctuations. S op α = 0 for a Bose-Einstein condensate of fixed total particle number, while for free fermions, we find that the corresponding superselction rule reduces the amount of operational entanglement from its unconstrained value by a subleading correction that asymptotically scales as the logarithm of the width of the probabililty distribution describing particle fluctuations in the subregion. We confirm this prediction numerically using the correlation matrix method on a lattice model of free fermions, where we have simplified the calculation of S α by relating the required partial traces ρ α A to the Poisson-binomial distribution which can be calculated using a simple recursion relation. This method can be extended to other models of noninteracting fermions, including those with long-range or correlated hopping as well as disordered systems, where contributions to the entanglement entropy from particle fluctuations will be further suppressed. It is interesting to speculate on how the ideas discussed here could be further generalized to understand the effects of superselection rules on entanglement without resorting to a particular mode biparitition [58] [59] [60] [61] .
The functional form of the Rényi generalized operational entanglement depends only on the full and particle number projected reduced density matrices that can be directly computed by creating replicas or copies of a physical system. It is thus accessible using current simulation [4, 7] and experimental [10, 13] techniques for both bosons and fermions for integer α ≥ 2 by histogramming ρ α A into bins corresponding to the number of particles n observed in the subregion with appropriate post-selection [26] . The experimental measurement of the Rényi generalized operational entanglement entropy and confirmation of its robust scaling in fermionic systems would, in combination with a protocol for its extraction and transfer to a register, support such many-body phases as a potential resource for quantum information processing.
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Supplementary material for "Rényi generalization of the operational entanglement entropy"
Hatem Barghathi, C. M. Herdman and Adrian Del Maestro
In this supplement we prove that a proposed measure generalizing Wiseman and Vaccaro's [S1] operational entanglement entropy S op 1 to Rényi index α = 1 satisfies a set of four necessary physical requirements on information quantitites. We also include additional details on how the measure scales asymptotically in the spatial subregion size for a model of non-interacting fermions in d-dimensions and free lattice fermions in 1-dimension.
PHYSICAL CONSTRAINTS ON OPERATIONAL ENTANGLEMENT MEASURES
Four necessary conditions which we propose that any measure quantifying the operational entanglement S (iv) The difference S α − S op α cannot exceed the maximum amount of information that can be lost to particle number fluctuations.
CANDIDATE MEASURES BASED ON CONDITIONAL RÉNYI ENTROPIES
Consider the reduced density matrix ρ A , corresponding to a spatial partition A, that is obtained from the state |Ψ describing some quantum system of a fixed number of particles N . Fixing the number of particle in the system guarantees that [ρ A ,n] = 0, wheren is the particle number operator acting in A, and thus the spectrum of ρ A can be recognized as joint probability distribution of two variables one of which is the number of particles n in A. Number fluctuations in A are described by the distribution P n . Therefore, the operational entanglement is equivalent to the conditional entropy of a joint probability distribution, where the condition is the knowledge of n in A. In light of this, and motivated by work on classical conditional Rényi entropies [S2, S3] we introduce the following measures as a candidate for quantifying the Rényi operational entanglement:
where ρ An = Π An ρ A Π An /P n is the projected reduced density matrix defined in the main text along with
Candidates S may also be ruled out as the corresponding conditional entropy measure fails to satisfy the chain rule which is equivalent to condition (iv) [S2, S3] .
PROPERTIES OF S op α
In this section we prove that Eq. (S5) satisfies all four conditions defined above. It will be convenient to rewrite this measure as defined in the main text:
We now prove a series of results corresponding to physical requirements (i)-(iv) on S op α for which it will be useful to define Jensen's famous inequality.
Lemma (Jensen's Inequality [S4] ). For a real convex function f , the set of N real numbers {x 1 , x 2 , ..., x N } in its domain, and the set of non-negative numbers {P 1 , P 2 , ..., P N } such that
The inequality is reversed if f is a concave function.
Proof. Taking the limit α → 1 and using Eq. (S8) and (S10) in combination with the fact that P n,
Theorem ii. For any numbers α, β ∈ R where α ≥ β > 0, S op α ≤ S op β . Proof. Consider Jensen's inequality for the convex function f (x) = x γ where γ ≥ 1:
The inequality is reversed if γ ≤ 1. Now, it is known that the Rényi entropy is a non-increasing function of α and this holds for a fixed number of particles in the subregion so:
First, we consider α ≥ β > 1. Setting γ = α −1 −1
Using inequality (S14), for α > 1, we can write e (α −1 −1)S β (ρ An ) ≤ e (α −1 −1)Sα(ρAn) and thus n P n e (β
Raising both sides of the last inequality to the negative exponent α −1 − 1 −1 reverses the inequality and then taking the logarithm of both sides yields
Following the same procedure, it is straightforward to show that the last inequality holds for 1 > α ≥ β.
Corollary ii. The above inequality is reversed for α < 1 as the function f (x) becomes concave. Now
By using inequality (S14) once more we get
with the inequality reversed for α ≤ 1. From (S18) and (S19), we can write
for α ≥ 1, and
for α ≤ 1
Theorem iii. For a given reduced density matrix ρ A , S α ≥ S op α .
Proof. Beginning from the definition in Eq. (S8), we can write
In this form, it is clear from Eq. (S10) that as the Rényi entropies of any normalized probability distribution must satisfy H β ≥ 0 for any non-negative β ∈ R we have the desired property
Proof. For a given probability distribution, H α is a non-increasing function of α. This guarantees the inequality H α ≤ H 0 for α ≥ 0 and therefore
where D α is the support of P n,α . Now, D α must be independent of α, so D α = D and we can write H 0 ({P n,α }) = H 0 ({P n,1 }) = H 0 . It follows that S α − S op α ≤ H 0 .
FREE FERMIONS
In this section we provide additional details on the asymptotic scaling of the characteristic function χ α (λ) of the probability distribution P n,α = Tr [Π An ρ 
d-dimensional free fermions in the continuum
Here we provide a detailed derivation of the scaling of the characteristic function for free fermions in the continum as defined in Eq. (6) of the main text.
Consider the ground state of a d-dimensional free gapless Fermi gas, where the Fermi sea is represented by the domain Γ in momentum space. Let Ω be a bounded region in real space and Q be a projection on the region Ω that is rescaled by a dimensionless factor , where a is a fixed short distance. Also, Let P be the projection on the momentum modes in the domain Γ, where the fermion correlation function is g(x − x ) = x|P |x and therefore the operator QP Q plays the role of the correlation matrix C A in the continuum. For such system the asymptotic scaling of S α and the logarithm of the characteristic function of P n = P n,1 has been obtained by means of the Widom theorem [S5-S12], where the theorem predicts the asymptotic, 1, behavior of Tr f (QP Q) for class of functions f . If f (t) is analytic on the disc |t| ≤ 1 and f (0) = 0, then
and
Here n x and n p are unit vectors normal to Ω and Γ, respectively.
Let us now consider the characteristic function of P n,α which we obtain by replacing C A with QP Q in:
By doing so, we get ln χ α (λ) = Tr f α (QP Q), with f α (t) = ln (1−t) α +t α
where lim 
1-dimensional free fermions on a lattice
All source code and data related to our calculations of 1d lattice fermions can be found online [S13]. Starting from the discrete characteristic function χ α (λ) of P n,α defined in the main text ln χ α (λ) = j=1 ln 1 − ν j,α + ν j,α e iλ ,
and using the asymptotic ( 1) form for the eigenvalues ν j,α [S14-S16] 
we evaluate the asymptotic behavior of χ α (λ) by replacing the summation over the index j by an integration over the variable k ∈ (− /2, /2) with −( − 2j + 1)/2 → 2k. For 1 (ln ln 8 + γ) we can write 
